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Stochastic gradient descent is the workhorse of ML training optimizers.

Example

I want to minimize some loss, but the dataset is so large, the gradient computation takes forever!
What do I do?

Definition (Preconditioned Stochastic Gradient Descent)

To minimize the stochastic optimization problem, we can write the resulting algorithm as

wk+1 = wk − αkM
−1g(wk, ξk), (1)

where g(wk, ξk) = ∇wFk(w) is the stochastic gradient, αk is the learning rate, ξk is an i.i.d. sample drawn
at iteration k, and M is the preconditioner.
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Common preconditioners for SGD can consider isotropy and curvature.

Example (Adam [1])

Define sk is an exponential moving average of squared gradients up until iteration k, then

MAdam = diag (
√
sk + ε) ,

Example (Full or mini-batch Hessian)

The Hessian, or mini-batch approximation to the Hessian, matrix of the loss function,

HB(θ) = ∇2LB(θ).

Example (Fisher Information Matrix)

Using the Fisher Information Matrix as a preconditioner corresponds to natural gradient descent [2]

F = E

[
d log p(y|x, θ)

dθ

d log p(y|x, θ)

dθ

⊤
]

:= E[DθDθ⊤] = Cov(Dθ,Dθ)
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Classical Convergence Results for SGD

Theorem (Convergence of SGD [3])

Assume that a loss function F where F∗ := F (w∗), has L-Lipschitz gradients and E
[
∥∇F (w)∥2

]
≤ σ2, then

SGD converges

E [F (wk) − F∗] ≤ F (w1) − F∗

2αk

Theorem (Strongly Convex Objective, Fixed Stepsize (Thm 4.6, [4]))

Adding in stronger bounds on the gradient’s first and second moments, and c-strong convexity. Running
SGD with a small fixed step size α satisfy

E[F (wk) − F∗] ≤ (1 − αcµ)k−1

(
F (w1) − F∗ − αLK

2cµ

)
+

αLK

2cµ
, (2)

where µ, K are constants associated with the stochastic gradients and variance, respectively.
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Two important quantities for data science preconditioning.

Remark (Two stage convergence)

This highlights two late-stage drivers: a linear contraction factor (1 − αcµ) and a stochastic error floor

αLK

2cµ
=

α

2µ
κK,

where κ := L
c

is the (Euclidean) condition number associated with curvature.

Definition (Conditional Variance)

Vξk

[
g(wk, ξk), ∥ · ∥M−1

]
:= Eξk

[
∥g(wk, ξk)∥2M−1

]
−
∥∥Eξk

[g(wk, ξk)]
∥∥2
M−1 = tr

(
M−1Σ(w)

)
, (3)

where Σ(w) := Cov(g(w, ξ) | w). For late stage convergence

Vξk

[
g(wk, ξk), ∥ · ∥M−1

]
≤ K + O(αK),
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Preconditioning helps convex problems converge faster with a lower loss.

Theorem (S., et al., ’26, [5])

Running (1) with small αk = α under preconditioned analogues of common assumptions, then, for all k ∈ N,

E[F (wk) − F∗] ≤ α L̂K

2 ĉ µ
+ (1 − α ĉ µ)k−1

(
F (w1) − F∗ − α L̂K

2 ĉ µ

)
k→∞−−−−→ α L̂K

2 ĉ µ
. (4)

Theorem

Now suppose (1) has a decaying learning rate, then, for all k ∈ N,

E[F (wk) − F∗] ≤ ν

γ + k
, ν := max

{
β2L̂K

2(βĉµ− 1)
, (γ + 1)

(
F (w1) − F∗

)}
. (5)
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Polyak- Lojasiewicz functions are structured but nonconvex.

Assumption (Local P L functions on N )

There exists µ̂PL > 0 such that, for all w ∈ N : 2µ̂PL

(
F (w) − F∗

)
≤ ∥∇F (w)∥2.

Figure 1: Comparing a convex function F (x) = x2 with a µ− P L function F (x) = x2 + sin2(x). [6]
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Preconditioning helps in the nonconvex case, more realistic for SciML problems.

Theorem (S., et al., ’26 (Informal) [5])

Assume w1 is in a quadratically growing local basin of radius r, Nr. Let τ := inf{k ≥ 1 : wk /∈ Nr}.

For a fixed step size αk = α,

• we have linear convergence (depending on ↑ µ̂PL)

• and convergence up until a noise floor, which depends on a tradeoff between

• ↓ L̂/µ̂PL and
• ↓ K.

For a harmonic step size αk ∝ 1/k

• we have O(ν/k) convergence, where ν depends on ↓ L̂/µ̂PL.

We stay in the basin w.h.p. depending on 1 −O
(
L̂K

)
−
∑

k δk, where δk is the “escape probability”.
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Diagnostic quadratic model allows for explicit control of preconditioned spectra.

Example (Quadratic model)

Let w0 ∼ N (0, I),w∗ = 0, F∗ = 0 for the
quadratic model:

F (w) =
1

2
(w −w∗)⊤H(w −w∗),

where H = QΛQ⊤ has log-uniform spec-
trum from [10−2, 102], namely H ≻ 0.
We add stochastic noise, so

∇F (w) = g(w) + ϵ, ϵ ∼ N (0, I)

and run (preconditioned) SGD.
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Deflation preconditioners lead to faster convergence and lower loss floor.

Figure 2: Caption

M.T. Scott (Emory University) Precond ’26 May 28, 2026 14 / 34



Introduction Theory Numerical Experiments Conclusion and Future Work References

Generic deflation preconditioners demonstrate that a lower trace leads to a lower loss floor.

M.T. Scott (Emory University) Precond ’26 May 28, 2026 15 / 34



Introduction Theory Numerical Experiments Conclusion and Future Work References

Convection dominated problems are hard, and Green’s function learning is no different.

Example (Convection-dominated problem from Hao et al., [8])

Find G(x, y) such that LG = δ(x− y) where Lu := −0.1u′′ + 1.0u′, u(0) = u(1) = 0

M.T. Scott (Emory University) Precond ’26 May 28, 2026 16 / 34
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Preconditioning empirically clusters the eigenvalues for SciML’s Hessian.
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Conclusion and Future Work

Conclusion:

Remark

A well-designed preconditioner M does the
following:

1 enhancing local conditioning—decreasing
L̂/ĉ (L̂/µ̂PL for nonconvexity) → speeds up
contraction,

2 reducing the preconditioned noise level K,
lowering the effective noise floor, and

3 increasing αQG and permitting a larger
basin radius r, which jointly improves basin
stability.

Future Work: Generalization of Precondi-
tioners

• This work was based on late stage
convergence for Scientific Machine
Learning, where generalization is
straightforward.

• There are other machine learning
frameworks such as LLMs, which have
different goals for generalization.

• We aim to have a parameter a priori that
informs the generalization in terms of a
regret bound.
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L̂/ĉ (L̂/µ̂PL for nonconvexity) → speeds up
contraction,

2 reducing the preconditioned noise level K,
lowering the effective noise floor, and

3 increasing αQG and permitting a larger
basin radius r, which jointly improves basin
stability.

Future Work: Generalization of Precondi-
tioners

• This work was based on late stage
convergence for Scientific Machine
Learning, where generalization is
straightforward.

• There are other machine learning
frameworks such as LLMs, which have
different goals for generalization.

• We aim to have a parameter a priori that
informs the generalization in terms of a
regret bound.

M.T. Scott (Emory University) Precond ’26 May 28, 2026 19 / 34



Introduction Theory Numerical Experiments Conclusion and Future Work References

Conclusion and Future Work

Conclusion:

Remark

A well-designed preconditioner M does the
following:

1 enhancing local conditioning—decreasing
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L̂/ĉ (L̂/µ̂PL for nonconvexity) → speeds up
contraction,

2 reducing the preconditioned noise level K,
lowering the effective noise floor, and

3 increasing αQG and permitting a larger
basin radius r, which jointly improves basin
stability.

Future Work: Generalization of Precondi-
tioners

• This work was based on late stage
convergence for Scientific Machine
Learning, where generalization is
straightforward.

• There are other machine learning
frameworks such as LLMs, which have
different goals for generalization.

• We aim to have a parameter a priori that
informs the generalization in terms of a
regret bound.

M.T. Scott (Emory University) Precond ’26 May 28, 2026 19 / 34



Introduction Theory Numerical Experiments Conclusion and Future Work References

Conclusion and Future Work

Conclusion:

Remark

A well-designed preconditioner M does the
following:

1 enhancing local conditioning—decreasing
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Questions?

Thank You!

Read the Paper!
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